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Let claw be the graph K13 and Zi be the graph obtained by attaching a path of 
' length i to one vertex of a triangle. A graph G on n > 3 vertices is called 1-heavy 

U: if at least one end vertex of each induced claw of G has degree at least n/2, and 0- 

heavy if each induced claw of G has a pair of end vertices with degree sum at least n. 
In this paper we show that every 2-connected o-heavy or 3-connected 1-heavy graph 
is Hamiltonian if we restrict Fan-type degree condition or neighborhood intersection 
' condition to certain pairs of vertices in some small induced subgraphs of the graph. 
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Our results improve or extend previous results of Brocrsma et al., Chen et al., Fan, 



Goodman & Hcdctnicmi, Gould & Jacobson and Shi on the existence of Hamilton 
\Q . cycles in graphs. 
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1 Introduction 



We use Bondy and Murty pQ for terminology and notation not denned here and consider 
simple graphs only. 

Let G be a graph, H a subgraph, and v a vertex of G. We use Nh{v) to denote the set, 
and cLh{v) the number, of neighbors of v in H, respectively. We call dn(v) the degree of 
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v in P. For x,y £ V(G), an (x,y)-path is a path P connecting x and y; the vertex x will 
be called the origin of P and y the terminus of P. If x,y £ F(P), the distance between 
x and y in P, denoted by cpj (x,y), is the length of a shortest (x,y)-path in P. When no 
confusion occurs, we will use N(v), d(v) and d(x,y) instead of Nq(v), dc{v) and dc{x,y), 
respectively. 

Let G be a graph and S" be a subset of V{G). A graph G' is called an induced subgraph 
of G if G" contains every edge xy G E(G) with x,y € V (£?'). If G" is a subgraph of G 
induced by S, then we denote G' by We use G — S to denote the subgraph induced 

by V(G)\S. For a family P of graphs, G is called H-free if G does not contain an induced 
graph isomorphic to every P € P. In particular, if P = {P}, we use P-free instead of 
{P}-free. 

The graph isomorphic to K\ 3 is called a clam Its vertex of degree 3 is called the center 
and its other vertices are called end vertices. In this paper, we use claw-free instead of 
Pi^-free. A vertex v of a graph G on n vertices is called heavy if d(u) > n/2. Following 
[21 [3], we say that an induced copy of claw in G is 1-heavy (2-heavy) if at least one (two) 
of its end vertices is (are) heavy. G is called 1-heavy (2-heavy) if every induced claw of 
it is 1-heavy (2-heavy), and o-heavy if every induced claw of it has two end vertices with 
degree sum at least n. Note that every claw- free graph is 2-heavy (o-heavy, 1-heavy), 
every 2-heavy (o-heavy) graph is 1-heavy, and every 2-heavy graph is o-heavy. However, 
the converse does not always hold. 

The graph Zi is obtained by attaching a path of length i to one vertex of a triangle. 

Generally speaking, there are two types of sufficient conditions with respect to long 
cycle problems. On the one hand, we distinguish the so called numerical conditions, of 
which probably Fan's degree condition is well known. 

Theorem 1. (Fan [6]) LetG be a 2-connected graph onn > 3 vertices. If m&x{d(u) , d(v)} > 
n/2 for every pair of vertices u,v in G with d(u,v) = 1, then G is Hamiltonian. 

On the other hand, there are so called structural conditions, of which neighborhood 
intersection conditions and forbidden subgraph conditions form two good examples. Some 
results of these two type are given as follows. 

Theorem 2. (Shi [TT]) Let G be a 2-connected graph. IfG is claw-free and \N(u)C\N(v )j > 
2 for every pair of vertices u and v in G with d(u, v) = 2, then G is Hamiltonian. 

Theorem 3. (Goodman and Hedetniemi [7]) Let G be a 2-connected graph. If G is 
{if 1,3, Zi}-free, then G is Hamiltonian. 

Theorem 4. (Gould and Jacobson [8]) Let G be a 2-connected graph. IfG is {-RTi,3, Z2}- 
free, then G is Hamiltonian. 
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Let G be a graph on n vertices. In the following, we say that a pair of vertices u, v of 
G with d(u,v) = 2 satisfies Fan's condition if max{d(u), d(v )} > n/2, and satisfies Shi's 
condition if \N{u) n iV(v)| > 2. 

By restricting Fan's condition and Shi's condition to certain substructures in graphs, 
Broersma et al. [2] proved the following first result, which generalized Theorems [1] and [2j 

Theorem 5. (Broersma, Ryjacek and Schiermeyer [2]) Let G be a 2-connected 2-heavy 
graph. If every pair of vertices u,v with d(u,v) = 2 satisfies Fan's condition or Shi's 
condition, then G is Hamiltonian. 

Broersma et al. [2] also constructed graphs to show that the condition 2-heavy can 
not be replaced by 1-heavy under the same connectedness, and obtained a related result 
for 3-connected 1-heavy graphs. 

Theorem 6. (Broersma, Ryjacek and Schiermeyer [2]) Let G be a 3-connected 1-heavy 
graph. If every pair of vertices u,v with d(u,v) = 2 satisfies Fan's condition or Shi's 
condition, then G is Hamiltonian. 

In fact, Broersma et al. [2] gave the following stronger form of Theorem 

Theorem 7. (Broersma, Ryjacek and Schiermeyer [2]) Let G be a 2-connected 2-heavy 
graph. If every pair of vertices u, v in an induced copy H of Z\ with dji(u, v ) = 2 satisfies 
Fan's condition or Shi's condition, then G is Hamiltonian. 

Later, Chen et al. [5] extended Theorem [7] to a larger class of o-heavy graphs. 

Theorem 8. (Chen, Zhang and Qiao [3]) Let G be a 2-connected o-heavy graph. If every 
pair of vertices u,v in an induced copy H of Z\ with dn(u,v) = 2 satisfies Fan's condition 
or Shi's condition, then G is Hamiltonian. 

Motivated by Theorems H] and in this paper we first prove the following result. 

Theorem 9. Let G be a 2-connected o-heavy graph. If every pair of vertices u, v in an 
induced copy H of Z2 with du(u,v) = 2 satisfies Fan's condition or Shi's condition, then 
G is Hamiltonian. 

Obviously, Theorem [9] is a common generalization of Theorems [H [2] and HI 
In fact, instead of Theorem El we prove the following stronger result. 

Theorem 10. Let G be a 2-connected o-heavy graph. If every two pairs of vertices {02, b\} 
and {03,61} of an induced Z2 of G satisfy Fan's condition or Shi's condition, then G is 
Hamiltonian. 
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Fig. 1 The graph Z 2 . 

Obviously, Theorem [TUl improves Theorem [HJ 

We also prove the following two results which extend Theorem [6j 

Theorem 11. Let G be a 3-connected 1-heavy graph. If every pair of vertices u,v in an 
induced copy H of Z\ with df{{u,v) = 2 satisfies Fan's condition or Shi's condition, then 
G is Hamiltonian. 

Theorem 12. Let G be a 3-connected 1-heavy graph. If every pair of vertices u, v in an 
induced copy H of Z2 with df{{u,v) = 2 satisfies Fan's condition or Shi's condition, then 
G is Hamiltonian. 

In Section 2, some preliminaries are given. Proofs of Theorems [TOl [TT1 and [12] are 
postponed to Sections 3. 

Motivated by Theorem 1 101 we conclude this section with the following open problem. 

Problem 1. Let G be a 3-connected 1-heavy graph. If every two pairs of vertices {a2, b\} 
and {03,61} of an induced Z2 of G satisfy Fan's condition or Shi's condition, then does G 
always contain a Hamilton cycle? 



If the answer to Problem 1 is positive, then it is a generalization of Theorems [IT] and 



2 Preliminaries 

In this section, we first introduce some additional terminology and notation. 

Let if be a path or a cycle with a given orientation. By %1 we denote the same 
graph as H but with the reverse orientation. If v is a vertex of H, then and 
denote the immediate successor (if it exists) and immediate predecessor (if it exists) of 
v on H, respectively. Furthermore, we define v~^ 2 = (v~^) + and v~^ 2 = (vjj)~ . If 5 is a 
set of vertices of H, then we define = {s~^\s € S} and Sfj = {s^|s € S}. When no 
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confusion occurs, we denote v^, vjj, v~^ 2 , vjf , and by v + , v~ , v +2 , v~ 2 , S + and 
S~, respectively. For two vertices u and v of H, we use H[u,v] to denote the segment of 
H from u to v along the orientation. 

Let G be a graph on n vertices. Recall that a vertex of G is called heavy if its degree 
is at least n/2; otherwise, it is called light. For an induced copy of claw in G, if all of its 
three end vertices are light, we say that the three vertices induce a light claw. A cycle C 
in G is called heavy if it contains all the heavy vertices of G. 

Let G be a graph, C a non-Hamilton cycle of G and v a vertex of F(G)\y(C). A 
subgraph F of G is called a (v,C)-fan if F satisfies: (1) F consists of at least two v- 
paths which are mutually vertex-disjoint except for v; (2) the other end vertices of these 
v -paths are on C. In particular, if F consists of v-paths Qi,Q2, ■ ■ ■ ,Qk> then we denote 
F by (v;Qi,..., Qk). Moreover, if G is /c-connected, where k > 2, then by connectedness 
condition, there exists a (v, C)-fan F = (v;Qi, . . . , Qk)- 

Let G be a graph on n vertices, k > 3 be an integer and C be a cycle in G. Following 
[9], we use E{G) to denote the set {xy : xy € E(G) or d(x) + > n,x,y G V(G)}, 
and call a sequence of vertices C' = v\v 2 ■ ■ ■ VkV\ an Ore- cycle or briefly, o- cycle of G, if 
UjUi+l € i£(G) for every i 6 [1, fc], where t>i = Ufe+i- 

A graph G on n vertices is called Ki^-o-heavy, if for every induced subgraph H of G 
isomorphic to K 14, there exist two nonadjacent vertices u,v £ V(H) with degree sum at 
least n. 

To prove our main results, we need the following two lemmas. 

Lemma 1 (Li and Zhang |10j). Let G be a 2-connected Ki^-o-heavy graph. Then every 
longest cycle is a heavy cycle. 

Lemma 2 (Li et al. [9]). Let G be a graph on n vertices and C' be an o-cycle of G. Then 
there exists a cycle C of G such that V(C') C V{C). 

3 Proof of Theorem 10 

Suppose that G satisfies the condition of Theorem [10] and is not Hamiltonian. Let C be a 
longest cycle of G. By Lemma[U C is a heavy cycle. Since G is not Hamiltonian, G—C 7^ 
and every vertex of G — C is light. Let H be a component of G — C . By connectedness 
condition, there is a (v\, «2)-path of length at least 2 with all internal vertices in H, where 
v±, V2 € V(G). We choose such a path P as short as possible. Let P = uqU\U2 ■ ■ ■ u r u r+ i, 
where uq = v\ and u r+ \ = V2- 
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Claim 1. (1) For x G V{H) and y G N C {H), xy ± £ E{G); 

(2) vi vf G E(G) and v£ G E'(G); 

(3) Vl vf i E{G) and v 2 vf £ E(G); 

(4) t;-^- £ E(G) and ^ £ E(G). 

Proof. (1) Assume that xy + G E(G). Let P be an (x,?/)-path of G with all internal 
vertices in H. Then C = PC[y,y + ]y + x is an o-cycle longer than C. By Lemma [21 there 
is a cycle containing all the vertices in C' and longer than C, contradicting to the choice 
of C. The second assertion can be proved similarly. 

(2) By Claim ffl (1), Ul v^ £ E{G) and mvf £ E{G). If v^vf £ E{G), then 
{vi,v^ ,vf ,ui} induces a claw, and d{u\) + d{vf) < n by Claim [T] (1). Since G is o- 
heavy, we have d(v j~) + d(vf) > n. The second assertion can be proved similarly. 

(3) Assume that V1V2 G E{G). Then C" = C[v^, v^jv^ViPC^, f f ]v j~ is an o- 
cycle longer than C, a contradiction. The other assertions can be proved similarly. 

(4) Assume that v^v^ G E{G). Then C = C [v^ , V2\P[v2, vi\G[v\, v^jv^v^ is an 
o-cycle longer than C, a contradiction. The second assertion can be proved similarly. □ 

Claim 2. Either d(v±) + d(vf) < n or d{v^) + d^) < n. 

Proof. If d(v^) + ) > n and d{v^) + diy^) > ^, then either d(fjf ) + c?(^) > n or 
+ d{v^) > n i contradicting to Claim Q] (4). □ 

We divide the proof into two cases. 

Case 1. r > 2, or r = 1 and v\V2 £ E(G). 

By Claim [51 without loss of generality, we assume that d(v±) + d(vf) < n and d(v^[) < 
n/2. By Claim [1] (2), we have v^vf G E{G). If U2 ^ V2, then by Claim [TJ there are no 
edges between {u±,U2} to {v± , vf}, and by the choice of P, U2V\ £ E(G). If 112 = V2, then 
by Claim[T](3), V2V± , V2vf £ E(G). Thus the subgraph induced by {v±, , vf, u±, 112} is a 
Z2. Noting both and u\ are light, and u\ have a common neighbor z other than v\. 
By Claim 1, v± £ N C (H), and this implies that z G V(C). By Claim 1, z~,z + £ N C {H) 
and z~z + G E{G). Thus C = ~3[ vi,z ]z z + C[z + ,v 1 ]v 1 zu\V\ is an o-cycle longer than 
C, a contradiction. 

Case 2. r = 1 and v\v 2 G -E'(G). 

Let ?/i be the first vertex in ~C*{vf ,1^2"] that is nonadjacent to v\ and 1/2 be the first 
vertex in C^t^vj - ] that is nonadjacent to V2- Note that v\v^ £ E(G) and V2V^ £ E(G). 
Thus, 2/1,2/2 are well-defined. 
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Claim 3. (1) For u G V{H) and z G ^[vf, yi] U ~d[v£, y 2 ], uz <£ E{G); 

(2) for z\ G {yi,yi}, v 2 zi £ E(G), and for z 2 G {y 2 ,2/2}, «i^2 ^ #(G); 

(3) y^iE{G). 

Proof. (1) By Claim [H z-yj 1 " ^ E(G). Let P be a (i/i,u)-path with all internal vertices 
in V(H). If uz G E(G) for some vertex z G (?[i;^ 2 ,yi], then viz - G E(G), and C" = 
V] - ]' 1 ' r^i'^b i~ ) z~\z~v\Puz is an o-cycle longer than C, a contradiction. The second 
assertion can be proved similarly. 

(2) If z\ = vf, then by Claim Q] (3), v 2 z\ £ E{G). Now we suppose that z\ 7^ vf 
and viz± G Thus C = ~3 [z±,v 2 ]v 2 v 2 ^[v 2 , v l ]v 1 vf~C*{vf , z 1 }z 1 v\u\v 2 z\ is an 
o-cycle longer than C, a contradiction. The second assertion can be proved similarly. 

(3) If yj~ = vf and y 2 = v 2 , then by Clam Q] (4), y^y 2 ^ E(G). Suppose that 
2/1^2 e -^(G)- If yf = Ui" and y 2 7^ v 2 , then v 2 y 2 2 G E(G), and C" = C/f?;^, i^] 
u^i^C^'U^, 7/^" 2 ]y^~ 2 U2nit;i C [v\, y 2 ]y 2 vf is an o-cycle longer than C, a contradiction. If 
y{~ 7^ and y 2 = v 2 , then v\y^ 2 G E(G), and C" = Cfwj", t> ^^^[uj* - , yj~ 2 ]yj~ 2 viuif2 
C [V2, yf \y\ v 2 is an o-cycle longer than C, a contradiction. If yj~ 7^ and y^ 7^ v t ■> 
then^iy^ 2 G -E'(G) and v 2 y 2 2 G E(G). Now C" = C^[yf , t^]^^" C^ffJ, y 2 ~ 2 ]y 2 ~ 2 i>2'Wi'yiy 1 ~ 2 
C [y]~ 2 , u^t^ii^ C y 2 \y 2 y{ is an o-cycle longer than C, a contradiction. □ 

By Claim [3] (3), either yj~ or is light. Without loss of generality, we assume that 
y^ is light. By Claim[3](l) and (2), there are no edges between {v 2 ,ui} to {yf,yi}. Thus 
the subgraph induced by {v\, ui, v 2 , yf, yi} is a Note that both u\ and y{~ are light. 
Therefore, ui and y{~ have a common neighbor z other than Di. 

By Claim (1), we have z ^ V(^0 and z ^ ^((^[v^ , yi]). This implies that z G 
y((?[y^,uf 2 ]). By Claim Q] (1), u x z~ £ E(G) and Ul z + $ E(G). li z~ z + £ E(G), then 
the subgraph induced by {z, z~ , z + , ui} is a claw. Since G is o-heavy, d(z~) + d(z + ) > n by 
Claim[I](l). Hence z"z+ G E{G). Ifyf = uf, then C = ^[vf, z~]z~ z+'fi [z + , v^vmtzvf 
is an o-cycle longer than C, a contradiction. If y^ 7^ , then viy^ 2 G E(G), and 
C" = (?[yf , z~]z~z + ^[2; + , ^v^(7[vi~ , yf 2 ] y^ 2 v\UizyY is an o-cycle longer than C, a 
contradiction. 

The proof is complete. □ 



4 Proof of Theorem 11 

Suppose that G satisfies the condition of Theorem [11] and is not Hamiltonian. We choose C 
as the longest cycle in G with a given orientation. Since G is not Hamiltonian, G — C 7^ 0. 
By Lemma[H C is a heavy cycle and every vertex in G — C is light. Let H be a component 
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of G — C. Now we choose F = (u; Q\-,Q 2 -,Qz) as a (u, C)-fan satisfying is as small 

as possible, where u is chosen over all the vertices in H. Let Vi be the end-vertex of Qi on 
C, and set Ui = vi~ , ,, where i = 1, 2, 3. 

As in Section 3, we have the following claims. 

Claim 1. For x G V(H) and y £ N C (H), xy ± <£ E{G). 

Claim 2. For Vl ,y 2 € JV C (#), if yfyf € £(G), then £ E(G). 

Claim 3. For M € JV (fT), % ^ 7 £ E{G) and £ £(G). 

By Claim [3l we have 

Claim 4. There is at most one heavy vertex in Nq{H) and at most one heavy vertex in 

By Claim|U assume that v± ,vf are light. Hence v^vf G E(G); otherwise {v\, uj", vf, u\} 
induces a light claw, contradicting to that G is 1-heavy. 
We divide the proof into three cases. 

Case 1. V2,v£ are light or v^,v^ are light. 

Without loss of generality, we assume that are light. Thus, we have v^v^ G 

E(G). 

Case 1.1. At least one of {v^,v^} is heavy. 

Note that each of {vi,Vi ,vf ,u\} and {v 2 , , w^" , u 2 } induces a Zi. Without loss of 
generality, assume that is heavy. Since v^,Ui are light and v^,u 2 are light, there exist 
vertices z±,z 2 such that z\ £ N(ux) n iV(?;j~)\{?;i} and z 2 G N(u 2 ) fl A r (f^)\{w2}. By 
Claim [H zi G F(C) and z 2 G ^(C). By Claim [21 zi ^ u 2 and z 2 ^ i>i. If is light, 
then if z\ = or z 2 = V3, either {v^, v% , , u\} or {v^,v^ ,Vo~ ,u 2 } induces a light claw, a 
contradiction. If v7 ,v% are heavy, then v7v% € E(G). If zi = U3 or z 2 = V3, then we can 
get a contradiction by Claim [2l Hence z\ 7^ wi,w 2 ,W3 and z 2 7^ Ui,U2,U3. Moreover, we 
have Z\ 7^ z 2 ; otherwise {zi, , v 2 , u±} induces a light claw, a contradiction. By Claim [H 
uizj £ niz+ £ £(G), n 2 z^ £ £(G) and u 2 z+ £ E'(G). By Claim El z^zf £ E(G) 

and Z2Z2 £ E(G). Now {zx> z\ , U\\ and {z 2 , z^, z^ , « 2 } induces two claws. Since 
u\,u 2 are light, there are two heavy vertices in {zj~, zf, z^~, z^ }. By Claim [U there exists 
a vertex of {zf , z^ }, say zj*~, such that it is heavy. Since zf ^ U3 , we have zj*~ € E{G), 
contradicting to Claim [3] 

Case 1.2. 1*3", 1*3" are light. 
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In this subcase, we have v^vf G E(G), v^v^ G E{G) and v^v^ G E(G). Note that 
{vi,v^ ,vf ,u±}, {v2, v% , U2} and {V3, v% , v% , 113} induce Z\. Since Ui,v~ are light, 
there exists a vertex Zj G N(ui) n iV(« i _ )\{vi}, where i = 1,2,3. By Claim [H Zj € V"(C). 
By Claim [2 z\ / ^2,^3, ^2 / ^1,^3 and Z3 / t>i,t>2- For i,j € {1,2,3} and i 7^ j, 
we have Zj 7^ Zj. Assume not. Then the subgraph induced by {zj, v~ , vj , Uj} is a light 
claw, a contradiction. Again, noting v~vf G E(G) (i = 1,2,3), Claim [2] implies that 
z~ zf <$l E(G). Hence each {z^ z~, zf , Uj} (i = 1,2,3) induces a claw. Therefore, there 
are three heavy vertices in {z~,zf : i = 1,2,3}, contradicting to Claim HJ 

Case 2. t^" and are heavy. 

In this case, vf and v% are light. Note that {v±,v^,vf ,u\} induces a Z\. Since ui,uj~ 
are light, there exists a vertex z\ G N(u\) fl A r (uj")\{f 1}. Note that v^vf G E(G). If 
Zi = «2, then i^vf G E(G). Now C" = JJf^C^, v 3 ]Q 3 [v3, u]Q\[u, vi]C[vi, v^v^vf 
v^,v^] is an o-cycle longer than C, a contradiction. If z\ = v%, then v^v^ G E(G). By 
Claim [3J i>3~i;[~ ^ E{G). Noting , and u\ are light, {^3, u^", , u\\ induces a light 
claw, a contradiction. Hence zi 7^ v\,V2,v 3 . It follows from Claim [2] that z{~ zf £ E(G). 
Then {zi, z~ ,z + ,u\} induces a claw. Therefore, z^ or zf is heavy. It follows that z^v^ G 
E(G) or zfuf ^ E(G), contradicting to Claim [3l 

Case 3. uf and v% are heavy. 

In this case, v% and vf are light. Since {v±, v± , vf, u±} induces a Z±, and there is 
a vertex z x G N(ui) D N(v^)\{vi}. If z\ = v 2 , then by Claim ufuj ^ ^(C)- % 
Claim [H ^ E(G) and uit;^" ^ E(G). Hence {v 2 , , , U2} induces a light claw, a 

contradiction. If z\ 7^ ^1,^2,^3, then by Claim [H we have u±z^ ^ E(G) and uizf ^ E(G). 
By Claim[3J zj~zf ^ E(G). Thus the subgraph induced by {zi, zj~, zf , U\\ is a claw, and 
either z£~ or zf is heavy. Now we have z^v^ G E(G) or zf i>f ^(^9> a contradiction. 

Hence zi = 1*3, that is, W3 G E{G). Noting that the subgraph induced by {^3, vf , , U3 } , 
we have v^fj" G E(G); otherwise {v 3 ,vf , u 3 } induces a light claw. Now {v 3 , uf , t/j~, 1/3} 
induces a Zi. Since W3 and are light, there exist a vertex 23 G N(u 3 ) n N(v^ )\{vs}. 
By Claim [H z 3 G V(C). 

If Z3 7^ vi,V2,v%, we can find a contradiction similarly as before. If Z3 = v±, then v^v\ G 
E(G), and a contradiction by Claim [21 If Z3 = v 2 , then v^v 2 G E(G). Consider the sub- 
graph induced by {v 2 , v%, t^~, ^2}- We have v^v^ G E(G), since otherwise {t>2, ^2"' u 3~> ^2} 
induces a light claw. Now C = C [^3, v 2 \Q2[v 2 , u]Qi[u, vi]C[vi, v^v^ v^l^! , v^]v^v% is 
an o-cycle longer than C, a contradiction. 

The proof is complete. □ 
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5 Proof of Theorem 12 

Suppose that G satisfies the condition of Theorem [12] and is not Hamiltonian. Let C be 
the longest cycle in G with a given orientation. Since G is not Hamiltonian, G — C ^ 0. 
Let H be a component of G — C. Now we choose F = (u; Qi, Q2, Q3) as a (u, C)-fan such 
that |y(.F)| is as small as possible, where u is chosen over all the vertices in H. Let Vi 
(i = 1, 2, 3) be the end- vertex of Qi on C, respectively. 
As in Section 3, we have the following claims. 

Claim 1. For x G V(H) and y G N C (H), xy ± <£ E(G). 

Claim 2. For y,y' G N C (H), if y~y + G E{G), then j/y'* £ E(G). 

Claim 3. For G N C (H), y~y'~ i E{G) and y+y' + £ E(G). 

By Claim [3l we have 

Claim 4. There is at most one heavy vertex in Nf(H) and at most one heavy vertex in 
Nc(H). 

By Claim [31 we can assume that t>J~ ,vf are light. 

Throughout the proof, if v~vf G E(G), then let yj be the first vertex on u uZ.J 
satisfying yjUj ^ E(G), where i G {1,2,3} and the indices are taken modulo 3. By Claim 
EJ yi is well-defined. 

Claim 5. Let vi G i>2> ^3} such that v^vf G E{G) and Zi G (7[?;+,yj]. 

(1) If y G jVc(tf)\-K}, then y+ Zi £ E(G). 

(2) If x G V(fr)> then xz i i E(G). 

Proof. (1) Assume that y + Zi G -E(G). By Claim 2, / and ViZ~ G #(G). Let P 
be a (fj,y)-path with internal vertices in V(H). Then C' = PC [y, Zi]ziy + ~C*[y + , vf]v^~vf 
[vf ,z~]z^~Vi is an o-cycle longer than C, a contradiction. 
(2) Let P be a (uj,x)-path with internal vertices in H. By Claim [TJ Zj 7^ and 
fjz" G E(G). Assume that xz^ G E(G). Then C = PxZjC; [z^, v~]v~vf~C*[vf , z^~]z~V{ is 
an o-cycle longer than C, a contradiction. □ 

Claim 6. V(F) = {u, v\, V2, V3}. 

Proof. Note that F = (u; Q\, Q2, Q3) and vi is the end vertex of Qi on C, i = 1,2,3. 
Assume |V(Qi)| > 3. Let u\ be the predecessor of v\ and be the predecessor of u\ on 
the path P[u, v\\. We have viu^ £ E(G); otherwise F' = (u; Qi[u, u^u^vi, Q2, Q3) is a 
(tt,C)-fan with \V(F')\ < \V(F)\, a contradiction. Note that t/f, vf, u x , Z 2 . 
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Since G is 1-heavy, it is also -fTi^-o-heavy. By Lemma [TJ C is heavy. This implies that 
u\ is light. Since the vertices in {u±, vf} are light, there are z\ G N(v±) fliV(iii)\{ui} 
and z 2 G iV^ ) n N(m)\{vi}. By Claim [H we have z\ G V(C) and z 2 G V(C). Note that 
uf^i" G -E(G), zi-uf G E(G) and 2 2 fi~ G -E'(G). By Claim [2j we obtain z^zf £ E(G) and 
£2~ 2 2~ ^ E(G). If z\ = Z2 = z, then G[{z, z~, «i, -yj"}] = and G[{z, z + , «i, vf}] = K\$. 
Since G is 1-heavy and each of {v^[,vf,ui} is light, z~ and z + are heavy. It follows that 
z~ z + G E(G), a contradiction. Otherwise, zi 7^ z 2 and F' = (ui; uii/i, -ui^i, iiiz 2 ) is a 
(tii,C)-fan such that < |V(F)|, a contradiction. Thus V(Qi) = {u,v±}. 

Next we will show that |^(C;2)| = 2. Assume that |y(C;2)| > 3 and let tt^ be the 
successor of u on the path Q2[u,V2\- If u^ui £ E(G), then 1, v^, u, — Z 2 , 
and we can get a contradiction similarly as before. Hence we assume that u^vi G E(G). 
If each of and u^" is light, then v^v^" G E(G) since G is 1-heavy. Similar to the 
proof of V(Qi) = {u, v\} before, we can get V{Q2) = {u, t^}- Otherwise, assume that 
V2 is heavy. By Claim [5j v^Vi ^ E(G) and it follows that is light. Note that 
G[{v\,u,U2 ,Vi ,y\}] = Z2 and there exists a vertex z G V(C) D iV(u) n N(y^) with 
z / «i. If z 7^ t>3, then F' = (u; -uz, Q3) is a (ii,C)-fan such that < |V(.F)|, 

a contradiction. Otherwise, we have z = v%. By Claim [3l the fact that is heavy 
implies that v% is light. Note that v^vf G E(G). By Claim [SJ f^yjf ^ ^(G). Now 
{^3; ^3") V\i u } induces a light claw, a contradiction. If t;^ is heavy, then let x\ be the 
first vertex on C[v\,v^] such that v\X\ ^ E{G). By Claim [21 xi is well-defined. Now 
G[{v 1, u, , x^, x±}] = Z2. Similar to the case G[{vi, u, , y^, y±}] = Z2 before, we can 
also get a contradiction. Hence we have V{Q2) = {v,U2}- 

By symmetry, V(Qs) = {u, V3}. The proof of is complete. □ 

We distinguish the proof into two cases. 
Case 1. G E(G) or v^v^ G E(G). 

Without loss of generality, we assume that ^ E(G). 

Claim 7. (1) Let x G V(H) and z G l5[vf,yi] U ^[v^,y 2 ]. Then xz <£ E{G). 

(2) y^v 2 i E(G), yi v 2 i E(G), y^v x £ E(G) and y 2 v x £ E(G). 

(3) y~ lV2 tE(G). 

(4) v^v 2 i E(G), vfv 2 i E(G). 

Proof. By Claim [5] (2), we have Claim [7] (1). Similarly as Claim [3] in Section 3, we have 
Claim [7] (2) and (3). By Claim [21 we have Claim (4). □ 

Case 1.1. Vl v 2 G E(G). 
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By Claim[7J each of {v\, u, t> 2 , yj~, yi} and {v 2 , u, v\, y^ , 2/2} induces a Z 2 . 

By Claim [7] (3), at least one of {yj~,y^~} is light. Without loss of generality, assume 
that yf is light. Since u, y{~ are light, there exists a vertex z\ G N(u) n ./V(yj~)\{ui}. 

First, we will show that zf is heavy. By Claim [6] (1), Z\ G V(C) and z\ 7^ y^ 2 (if 
y|f 2 exists). This implies zf 7^ yj~. Now we claim that {zi, zf, yj~, u} induces a claw. 
By Claim m uz+ g By Claims [5] and H z+yf £ and uyf £ Hence 

{zi, zj 1- , yj~, u} induces a claw. Since G is 1-heavy and y^ti are light, zf is heavy. 

Next we will show that y^ is light. By Claim[7] (1), we have z\ £ ^[v^ ,y 2 ]- Hence we 
have zf 7^ y^. By Claim [5l y 2 z± £ E(G). Since zf is heavy, y% is light. 

Since y^~ and u are light, there exists a vertex Z2 G iV(u) n A^(y^)\{^2}. By Claim [7] 
(1), z 2 G V{C) and z 2 £ C^,y 2 ]- By Claims Q3 and [7J (1), nz 2 " £ uz+ £ 

and z^y^ ^ E{G). Thus, {z2, z^ , u, y^} induces a claw. Since y^, u are light, z^ is heavy. 

Assume that Z2 = z\. By Claim[7J(l) and (3), uy^ E(G), uy^ ^ E(G) and y±y 2 £ 
E(G). Since u,y^,y^ are light, {zi, it, y^, y%} induces a light claw, which contradicts to 
that G is 1-heavy. Hence z\ 7^ z 2 . 

Therefore, we have zj^z^" G E(G), contradicting to Claim [3j 

Case 1.2. Vl v 2 i E (G). 

By Claims ffl and [7J (4), uwf £ £?(G), uw+ £ uj>j ^ and v+v 2 £ E{G). 

Then \v\, v±, vf, u, v 2 } induces a claw. Since u, are light, there exists a vertex z\ G 
N{u) n AT(u-)\W} and zi G V(C) by ClaimHJ 

We first show that z± is heavy. Note that v\ 7^ zi. This implies that t>j~ 7^ zj~. 
By Claims Q] and El we have uz{~ ^ E(G), ujfz{" ^ E(G) and ut"^ ^ E{G). Thus, 
{zi, z£~ , , u} induces a claw. Since u, are light, z{" is heavy. By Claim[7J(4), zi 7^ u 2 , 
and hence, z£~ / i^T. Since zf is heavy, by Claim[U is light. Note that {t>2, t>2~, , u, ^i} 
induces a Z 2 . Since f^, - " are light, there exists a vertex z 2 G A^(u) n A^(u^")\{v2}, and 
z 2 G ^(C) by Claim [TJ Noting that {z2, z^~, t>2~, u} induces a claw and ,u are light, z^ 
is heavy. If zi = Z2, then {zi,v^[ ,u} induces a light claw, a contradiction. Therefore, 
we have z\ 7^ z 2 . Thus zj~z^~ G E(G), contradicting to Claim [3j 

Case 2. ujt# g and £ 

Both {^2 , u 2" , f 2 j u } an d { y 3i ^3") ^3 j u } induce two claws. Hence there are two heavy 
vertices in {v^ , v£ , , v^}. By Claim [3l we distinguish the following two cases. 

Case 2.1. V2 ,vt are heavy. 

Case 2.1.1. Vl v 3 G E(G). 



12 



We will show that {v^, u, v\, y±, y{\ induces a, Z2. To prove the fact, it is sufficient to 
prove Observations {a\)-{a^). 

Observation (ai). v%y^ £ E{G). Assume that v^Vi G E{G). If 7^ vf , then C = 

1 ) v 2 ] v 2 V t * s an °-cycle longer than 
C, a contradiction. If y~7 = vf , then C = ^[v 3 , Vi]viuv2^[v2, V3\V3y^~C* [y^[ , v^v^v^ is 
an o-cycle longer than C, a contradiction. 

Observation (02). v^yi £ E(G). Assume that v 3 yi G E(G). Now C = C[v^, v^v^vf 
~C*[v 1 , yi]yi viuv 2 C[v 2 , vs]vsy 1 ~G\y l, v 2 ]v 2 V^ is an o-cycle longer than C, a contradiction. 

Observation (03). uy^ £ E{G) and uy\ ^ E(G). The assertions can be deduced by 
Claim [3(1). 

Since v% is heavy, Claim 4 implies that y~{ is light. Note that {^3, u, v\, y{~, yi} induces 
a Z 2 . Since u, y{~ are light, there exists a vertex z\ G N(u) D A^(y^~)\{f;i}. By Claim [5] 
(2), zi G V(C). By Observation (ai), zi 7^ U3. Since is heavy, z+ is light by Claim [3l 
Note that uz^,uy^ £ E(G). By Claim [5] (1), z±y± £ E(G). Now {z±, zf , y±, u} induces 
a light claw, a contradiction. 

Case 2.1.2. Vl v 3 £ E(G). 

We first show that {v±,vf ,u, v%} induces a Z 2 . To prove the fact, it is sufficient to 
prove the following observations. 

Observation (61). uv~T ,uv1[ £ E{G). These two assertions can be deduced by Claim 

m 

Observation (b 2 ). v^v^ £ E(G). Assume that v^Vs G E{G). Then {173, , , u} 
induces a light claw, a contradiction. 

Observation (63). vfv s g E(G). Assume that v s vf G E(G). Then C = ~C*[v£,vi]vi 
uv2^[v2, v^v^vf ~C*{vf, V2~]v2~v^ is an o-cycle longer than C, a contradiction. 

Since v± and u are light, there exists a vertex z\ G N(u) Pi N(v^)\{vi}. By Claim [IJ 
z\ G V(C). We also have z\ ^ v 2 , since otherwise v±v 2 G E(G), and C' = C[v^, v ±]v ~{v 2 
~C [v 2 , Vs]v3UViC [v±, v^jv^v^ is an o-cycle longer than C, a contradiction. Since is 
heavy and z\ 7^ 1/2, z^ is light by Claim Now {^i , , v± , u} induces a light claw, a 
contradiction. 

Case 2.2. are heavy. 

In this case, u^Vg" are light. Let x\ be the first vertex on C{v^ ,v^] satisfying v\X\ £ 
E(G). By Claim El Vl v$ £ E{G) and x x is well-defined. 

Claim 8. (1) Every vertex in C[x\,yi\ is light. 
(2) All the vertices in U[xf,y^] induces a clique. 
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Proof. (1) By Claim [21 v\v^ ^ E(G). Since is heavy, v\ is light. By Claim (1), 
every vertex z G ~C[vf,yi] is light since i>^~ is heavy. Note that v^vf G E(G) and v^,v^ 
are heavy. By symmetry, we can deduce that every vertex in C[v^[,xi] is light similarly. 
Hence every vertex in is light. 

(2) Note that v± is adjacent to ~C*{xf, y\]\{v i}. Suppose that there exist two vertices 
s and t in ~C*[x±, Ui]\{vi} such that st ^ E(G). By Claim [8] (1), s and i are light. Now 
{vi,u,s,t} induces a light claw, a contradiction. □ 

Claim 9. v 3 z x ^ E(G) for any vertex zi G yi]. 

Proof. By Claim[5](l), v+ z x £ E{G). By Claims [QandE] (2), uv+ <£ E(G) and uz x £ E(G). 
By Claim[8](l), z\ is light. Assume that v 3 z\ G E(G). Now {1)3, zi, «g , u} induces a light 
claw, a contradiction. □ 

Case 2.2.1. v 3 xf G E(G) or G E{G). 

Without loss of generality, assume that v 3 xf G E(G). We will show that {t>3, v$ , x + , yi} 
induces a Z2. Now we need prove Observations (ci)-(c5). 

Observation (ci). x^y^ € E(G). This observation follows from Claim [8] (2). 

Observation (02). xfv% G E{G). If a;] 1- ^ ^ E(G), then {^3, i;^ , x^, u} induces a 
light claw, a contradiction. 

Observation (C3). t>3?/j~ ^ E{G) and U3J/1 ^ E(G). These two assertions are deduced 
by Claim [3 

Observation (C4). v^y^ ^ E(G) and u^yi ^ E(G). These two assertions are deduced 
by Claim [5j 

Observation (05). xfyi £ E(G). Assume that xfyi G E(G). By Claim [5] (1), 
v£y! i E(G). By ClaimH v^vt $ E(G). Obviously, v x y x £ E(G). Hence {xf, yi, v h v£ } 
induces a light claw, a contradiction. 

Now {v 3 , v% , xf , , y\ } induces a Z2. Since 1*3 ,yjf are light, there exists a vertex 
w € A^(i) 3 f )nA^(yf Since v 3 G N C {H), v£ N C {H). If there is a (vjj" , yf)-path P 

with internal vertices in a component of G — C different from H, then let P' be a (ui, x^)- 
path such that V(P') = V(C[xf ,y^])\{y^}, and C = P(?[yf, v 3 ]v 3 uv 1 P'^G[xf , x£ ] is an 
o-cycle longer than C, a contradiction. Hence w G V(C). 

Claim 10. w <£ {v~,Vi,vf : i = 1,2,3} U C[v^,yi] U C[xf,v^]. 

Proof. Assume that w = . If v^ 2 G C[xf ,Vi], then vj~ 2 fi G E(G). Hence C = 
C[v^ , v^ 2 ]v^ 2 v \uv 3 C [v 3 , vf ]vf v^v^ is an o-cycle longer than C, a contradiction. If v^ 2 = 
xi, then = w = xf , contradicting to the choice of w. Thus w ^ . Assume that 
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w = vj. Then v^v^ G E(G). Since 7^ x+ 2 , by Claim 1 (2), vfxf 2 G Now 
C" = C[xf ,vf]v^V2 C[v2 ,vf]vfxf 2 '^[xf 2 ,vi]viuv2^[v2,vs\vsxf is an o-cycle longer 
than C, a contradiction. Assume that w = v%~ . Then we have v^vt G E(G), which 
contradicts to the condition 1*3" W3" ^ E(G). Assume that u; = v\. Now {i>i, d] 1 " , v^, u} 
induces a light claw, a contradiction. Assume that w = Vi- Then V3V2 G E(G), and It 
follows that v^v^ G E(G); otherwise {v2,v^ ,vt ,u} induces a light claw, a contradiction. 
However, we have v^v^ ^ E(G), a contradiction. Assume that w = V3. Then we have 
vsjJi ^ E{G), contradicting to Observation (03). Assume that w = vf ov w = v^- Then we 
have Uivf G E[G) or y^v^ G E(G), which contradicts to Claim[5](l). Assume that w G 
~C[vf,yi\. Then v^w G E(G), contradicting to Claim[5](l). Assume that w G ~C*{xf ,Vi]. 
By the choice of w, w 7^ x^. Note that G[V(C*[xf ,yi\) is a clique. Let P be a Hamilton 
(ui, uj~)-path in G[y(^[x^ 2 , i>f])]. Then C = C [xf, v% ]v% wPv±vf ~C*[vf , v^jv^uvixf is 
an o-cycle longer than C, a contradiction. □ 

By Claim [TOl w G (?(«3~ , x^) or w G ^(j/i,«2~) or w G (i;^ , Ug" ) . 

Case 2.2.1.1. u> G C^,^). 

We first show that w + is light. Assume that w + is heavy. Let P be a u^-path 
such that V(P) = V(C*{w + , y^ 2 ]). Now C" = Pviuv2C[v2,yi]yiwC[w,V2]v2W + is an 
o-cycle longer than C, a contradiction. 

Next we show that w + y± G E(G) or G By Claim 0(1), y^v£ £ E(G). If 

w + Vi E(G) and w + v% £ E(G), then {to, w + , v% , yf } induces a light claw, a contradic- 
tion. 

Suppose that w + v% G E{G). Then C" = to+Dg" ^[v^ , t^uiyf C^yf, U3]«3tt?;i (7 [^i, yf 2 ] 
y^ 2 Vi C [v^[ ,w + ] is an o-cycle longer than C, a contradiction. Suppose that w + y^ G 
E{G). By Claim [TUl u? 7^ . This implies that u> + 7^ v\. Then we have w + y\ G E(G) 
or w + t>i G E(G); otherwise {yj~,yi,w; + , v±} induces a claw and yi,w + ,vi are light, a 
contradiction. 

If w+yi G then let P be a («i,^)-path such that V(P) = V(C[xf, yi])\{xf}, 

and C = ^[yi,V3]vsuviPyiwC[w,v^]v^xfC[xf,w + ]w + yi is an o-cycle longer than 
C, a contradiction. Now we assume that w + vi G E(G). Suppose that yj~ 2 7^ «i. 
Consider the subgraph induced by {y± ,y^ 2 ,yi,w + }. If w + yf 2 G E(G), then let P be 
a (vi,yr 2 )-path such that V(P) = V [xf , y^ 2 ])\{xf } . Now C = ~d[w + ,xf]xfv£ 
^[vt,w}wy^[y 

1 ,V3\v3UV\Py 1 w + is an o-cycle longer than C, a contradiction. If 
yf 2 yi G then let P be a (yj~, yjf 2 )-path such that F(P) = F(C[x|, yrDU^a }• 

Then C = yj~ 2 yi(?[yi, V3\v3uv\w + ~C* [w + , xf]xfv^ C[v^ , w\wy^ P is an o-cycle longer 
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than C, a contradiction. Therefore, w + , y\, y^ 2 } induces a light claw, a contradic- 
tion. Hence we have y{~ = vf. Assume that x\ 2 ^ v\. Consider the subgraph induced by 
{vi,u,w + ,xf 2 }. If uw + G E(G), then noting that v% ,v% are heavy, w;,ui +2 are light by 
Claim[3l Since G is 1-heavy, ww +2 G E(G). Similarly as Case 1, we can get a contradiction. 
Hence we have uw + £ E{G). If w + xf 2 £ E(G), then {^i, u, w + ,xf 2 } induces a light claw, 
a contradiction. Therefore, w + xf 2 G E{G) and C" = C i^t^u^i C [v±, xf 2 ]xf 2 w + 
~C*[w + , xf]xfv% ~G*[v3 , w]wvf is an o-cycle longer than C, a contradiction. Thus, xf = v± . 
Now we have y{~ = vf and xf = v±. Then C" = C[vf, V3]v3UViw + ~C* [w + , v^jv^v^ ^[v 3 , w] 
is an o-cycle longer than C, a contradiction. 

Case 2.2.1.2. w G C^,^). 

We first show that w~ is light. Suppose that w~ is heavy. Let P be a t> i)-path such 
thaty(P) = V(C[xf,y^]\{xf}. Now C = Pvxuv z x\l5 [x+ , v 3 h ]v£wC'[w, Ugjwgtirf? [w~ , ] 
is an o-cycle longer than C, a contradiction. 

Next we show that w~y^ G P(G') or w~v^ G E{G). If not, then {u>, u; - , 
induces a light claw, a contradiction. 

Suppose that w~v^ G E(G). Let P be a (x±, t>i)-path such that V(P) = V(C[x^ ,y^]\{y^}. 
Then C' = w~v% C[v^ , xf]Pv 1UV3 C [1)3, w\wy^'^\y^^ w~] is an o-cycle longer than C, a 
contradiction. Suppose that w~y^ G E(G). Now u>~yi G P(G) or io _ vi G E(G); Other- 
wise, {vi , yi, w~ , v±} induces a light claw, a contradiction. If w~y\ G E(G), then C" = 
C [v^ , w]wy^ C [y± , v^\v^uv2 C [t>2, yi]yiw~ C [w~, v^jv^v^ is an o-cycle longer than C, a 
contradiction. Iiw~vi G E(G), then C" = wv^l^ [v% ,v^]v^ [v^ ,w~]w~ V1UV3C [v^^w] 
is an o-cycle longer than C, a contradiction. 

Case 2.2.1.3. w G 

We will show that {w, w + , , V3, u} induces a Z2. To prove this fact, it is sufficient to 
prove the following observations. 

Observation (di). w + is light. Suppose that w + is heavy. Let P be a (v\, yjj~)-path 
such that V(P) = V0[x+,y^]\{xf}. Now C = ^[w + ,v 2 ]v 2 uv 1 P'd [y^ ,w]wv^[v^ ,xf] 
xfv3 C [V3, v^jv^W^ is an o-cycle longer than C, a contradiction. 

Observation (d 2 ). v£w + G P(G). If y^w + £ E(G) and u^m 4 " £ E(G), then 
{w, U3", induces a claw and w + ,v^,yi are light, a contradiction. If w + y : [ G 
P(<7), then let be a (a^, «i)-path such that F(P) = V(C[xf ,y^])\{y^}. Now C" = 
1 ,w]wv£ C[v£ ,xf]Pviuv 3 C[v 3 ,w + ] is an o-cycle longer than C, a contradic- 
tion. 

Observation (d^). w is light. Suppose that w is heavy. Let P be a (vf, v i)-path such 
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that V{P) = V0[xf,vf])\{x+}. Since w + v$ G E{G), C = tj [w, v+]Pv lU v 2 tj [v 2 , w + ] 
w + v^'^[vf, xf]xfv3 C [vs, v^v 2 W is an o-cycle longer than C, a contradiction. 

Observation (c^). V3W ^ E(G). Suppose that v 3 w G E(G). First, we have wu ^ 
E(G); otherwise {w,u, v$,y7} induces a light claw, a contradiction. If xfw £ E(G), 
then {V3, w, xf, u} induces a light claw, a contradiction. Thus, xfw G E{G). Let P 
be a (ui,uf)-path such that F(P) = 70^, WlAfai"}- Noting that v£w + G P(G) by 
Observation (d 2 ), C = ~C*{w + , V3]v3UViP~G* [vf , w]wxf C [xf, v^]v^w + is an o-cycle longer 
than C, a contradiction. 

Observation (d^). uw + E(G). Otherwise, either ww +2 G E(G) or u> +2 is heavy. 
If u;w +2 G E(G), then we can get a contradiction similarly as in Case 1. If w +2 is heavy, 
then w +2 V2 € E(G), which contradicts to Claim 

Observation (d^). V3W + ^ E(G). Suppose that vzw + G E(G). We claim that 
x^ui" 1 " G E(G); otherwise {vs,w + ,xf ,u} induces a light claw {uw + E(G) by Observation 
a contradiction. Let P be a (ui,y7)-path such that V(P) = V(C*[xf ,vf])\{xf}. 
Now C = ~C*{w + , V3]v3UViP~C* [y7 , w]wv^^[v^, xf]xfw + is an o-cycle longer than C, a 
contradiction. 

Observation (dy). uw £ E(G). If not, then {u, w, y7 , induces a light claw, a 
contradiction. 

Now {w,w + ,V3,u} induces a Z 2 . Since 1*3, it are light, there exists a vertex 
w' G iV(it) n N(v£ )\{v 3 }. By Claim H w' G V(C). Next we claim that w' / « 2 - 
If w' = V2, then V3V2 G E(G). We claim that U3 fj^ ^ E(G); otherwise ^3^2" G 
P(G) and let P be a (vf , vi)-path such that V(P) = F(^[x^, ^ ])\{x^}. Now C = 
C[xf ,v^]v^V2 C[v2 ,vf]Pviuv2^[v2,V3]v3xf is an o-cycle longer than C, a contradic- 
tion. Hence v^v^ ^ E(G) and {i>3~, U2, i>2~, u} induces a light claw, a contradiction. More- 
over, since is heavy, u/ + is light by ClaimO Now {w' + , v% , u, w'} induces a light claw, 
a contradiction. 

Case 2.2.2. v 3 xf <£ E(G) and v 2 y7 $ E(G). 

Assume that £ E{G). By Claim M v 3 y7 <£ E(G). Note that v 3 xf <£ E(G) by 
condition. By Claim 0(2), ux± ^ E(G) and uy7 ^ E(G). Now x^, y7 , u, V3} induces 
a Zi. Since y7 , u are light, there exists a vertex w G 7V(ii) D A^(yj~)\{ui} and w G V(C) 
by Claim [5] (2). By Claim [2 uw+ <£ E(G). By Claim 0(1), w+yf £ P(G). By Claim 
(2), uy7 ^ E(G). Thus, {w, w + , y7 , u} induces a claw. Since u,y7 are light, w + is heavy. 
Since v%y7 £ E(G), w ^ t> 2 . It follows that w + V2 G E(G), contradicting to Claim [3l 
Hence V1V3 G E(G). 

By Claim El v 3 y7 (£ E(G) and v 3 yx £ E(G). By Claim [5] (2), uy7 <£ E(G) and 
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uyi £ E(G). Now {v\, u, V3, y±, y{\ induces a Z^. Since y7,u are light, there exists a 
vertex w € N(u) H N(yY)\{v\} and w € V(C) by Claim 0(2). Similarly, {w, w + , y7 , u} 
induces a claw and u> + is heavy. Note that w ^ V2. Then w" 1 "^ € E(G), a contradiction 
to Claim [3l 

The proof is complete. □ 
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